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We present numerical simulations of the Wigner function for a one-mode Kerr state. A Kerr
state is a quantum squeezed state and its Wigner function reveals negativities. This state can be
generated using an optical fiber with χ(3) nonlinearity. However, the nonlinearity is too small to
reach the regime of evolution where the negativities of the Wigner function are present. We discuss
a scheme to generate Kerr states in an ion trap and show that the negative Wigner functions can
be measured. The production scheme involves 10 laser pulses and it seems to be achievable with a
current technology.
I. INTRODUCTION
Over last decade ion traps have generated a lot of inter-
est due to their possible applications in quantum infor-
mation theory [1] and quantum computation [2]. Those
applications require efficient creation and precise manip-
ulation of a trapped ion state. Various theoretical pro-
posals on how to produce nonclassical arbitrary states
of ion motion have been discussed. In experiment, Fock
number states [3], coherent states [4], vacuum squeezed
states [5], and Schro¨dinger cat states [6] has been real-
ized. According to our knowledge, neither non-gaussian
state (other than cat state) nor a superposition of more
than two coherent states has been observed so far.
In this article we study the Wigner function for a one-
mode squeezed non-gaussian state, a Kerr state. The
Kerr state is a generalized cat state: it becomes a super-
position of the coherent states for some specific values
of evolution parameter. The cat states have been found
useful for studies of quantum decoherence and quantum-
classical boundary [7, 8]. They also have application in
quantum information processing [9].
So far, the Kerr state has been produced using a pho-
ton coherent state interacting with χ(3) nonlinearity in
the optical fiber. This is a highly nonclassical state and
after a certain time of evolution in the fiber its Wigner
function would take negative values in the phase space.
However the nonlinearity in a fiber is too small to reach
a highly nonlinear regime and thus produce the negativ-
ity in an experimentally reasonable time. In this weak
nonlinearity regime the state quadrature statistics can be
approximated by a Gaussian ones. Therefore, this state
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is a widely used approximation of a one-mode continuous
variable squeezed Gaussian state for photons. Moreover,
it is used as a source for a continuous variable EPR corre-
lation: interference of two Kerr states on a beam splitter
generates EPR entangled state [10].
According to our knowledge there is no effective
method of non-gaussian state production for photons.
Recently there has been introduced a probabilistic
method of non-gaussian state generation relying on a con-
ditional photon subtraction [11]. However, is not possible
to subtract more than two photons in the experiment.
We suggest that ion traps can serve as an alternative
system for non-gaussian state experimental realization.
The Kerr state can also be obtained via vibronic mo-
tion engineering in ion traps which simulates the gen-
eration of a Kerr state with an arbitrary long time of
evolution or arbitrary high nonlinearity in the fiber.
Trapped ions seem to be a promising implementation.
Even though their make-up is complicated and includes
many degrees of freedom, both internal (electronic) and
external (vibronic), a simple theory developed for tradi-
tional quantum optical systems consisting of photons and
single atoms, is still applicable: For example, a strongly
confined trapped ion coupled to an electromagnetic field
is well described by the Jaynes and Cummings model.
We show that a measurement of the Wigner function
for the Kerr state of an ion’s vibrational motion could
be performed using currently available technology and
already existing experimental schemes.
II. ONE-MODE SQUEEZED KERR STATE
The interaction Hamiltonian for a totally degenerate
four-wavemixing process in an optical fiber with no losses






where κ is a nonlinear constant proportional to χ(3). A
one-mode squeezed Kerr state results from an action of

















where τ = −κt is a unitless parameter and t is the evolu-
tion time in a Kerr medium. The value of this parameter
determines whether the state is Gaussian or not. The












For τ = 0 this expansion reduces to the coherent
state |α〉.
The Kerr state is a squeezed state for certain values
of the parameter τ with Poissonian photon statistics:
the second-order coherence function is constant in time,
g(2)(τ) = 1. The statistics remain unchanged under evo-
lution in the Kerr medium because the mean number of
photons is a constant of motion. The second-order mo-
ments for the state are the following
〈a†a〉 = |α|2, 〈a2〉 = α2eiτ+|α|2(e2iτ−1). (4)
Unlike for Gaussian states, they do not specify the state
completely therefore higher-order moments have to be
also known.
The nonlinear refractive index n(α) of Kerr medium is
intensity dependent
n(α) = n0 + n2|α|2. (5)
The intensity fluctuations modulate the nonlinear refrac-
tive index and this in turn modulates the phase of trav-
eling light. Photons with stronger amplitude will acquire
phase faster than photons with smaller amplitude. This
effect can be observed by studying the easy-to-compute
Q-function evolution

















Assuming that α is real, the circular shape of the error
contour for a coherent state will be placed in the phase
space on the real axis, with its center at α. The “part” of
the circular shape of error contour for larger values of α
will rotate faster than those for smaller α. The circular
shape will be first stretched into an ellipse and then into
a crescent shape. Therefore, squeezing will not be seen
in the principal axes directions but for quadratures at a
certain angle [12]. The contour plot of the Q-function is
plotted in [13]. Solutions of the Fokker-Planck equation
for the Q-function in a dissipative and noisy Kerr medium
have been widely studied [13, 15, 16, 17].
The information about nonclassicality of the state can
also be obtained from the Wigner function. As is very
well known, the Wigner function can be measured exper-
imentally, including its negative values [14]. The Wigner
function for the one-mode Kerr state in a nondissipative
medium can be evaluated directly using its density oper-
ator and expressed in two equivalent ways





















































Figures 1, 2, 3, 4 show the plot of the Wigner function
for different parameters τ for α = 5. Due to the preserved
number of photons, the probability distribution during
its evolution will remain situated within at the circle of
radius |α|. The distribution, beginning from a circular
shape, turns into an ellipse and squeezing appears in the
appropriate direction. Then the ellipse changes into a
banana shape. Squeezing increases and the state becomes
non-gaussian. If τ is taken as a fraction of the period
of the evolution, τ = 2piR where R < 1 is a rational
number, the Kerr state (3) becomes a superposition of
the coherent states. For τ = π2 we achieve the Wigner
function for a kitten state
|Ψ(τ = pi/2)〉 = 1
2












4 |5e−ipi4 〉, (9)
where 5ei
pi
4 ≃ 3.5 + 3.5i and for τ = pi we get a cat state





4 |5i〉+ eipi4 | − 5i〉) . (10)
This is is also known as a fractional revival [18].
Similarly, as for the Q-function an interference pat-
tern can be seen in those plots: a “tail” of the inter-
ference fringes follows the banana shape of the Wigner
function. By virtue of Eq.(8), the Wigner function can
be viewed as a superposition of the Fock number states’
|n〉Wigner functionsW|n〉〈n|(γ, γ∗) with an evolution de-
pendent component f(τ, γ, γ∗)











3FIG. 1: The Wigner function for α = 5 and τ = 0 is a
Gaussian function for the coherent state - the top figure. Due
to the fact that the coefficient for a Kerr state are periodic
functions of τ , for τ = 2pi we achieve the same shape of the
Wigner function. For τ = 0.01 the Wigner function is an
ellipse and the state becomes squeezed - the bottom figure.
The component f(τ, γ, γ∗) describes the interference be-
tween the Fock states and is responsible for the evolution
of the fringes. Negativities achieved in the Wigner func-
tion correspond to zeros of the Q-function [19].
In general, the dynamics of the Wigner function are
governed by the Fokker-Planck equation which takes the
following form in the polar basis γ = reiφ with r = |γ|














+ (r2 − 1)∂φ
}
W (τ, r, φ). (12)
This is a third-order nonlinear differential equation. Note
that its last term shows that the velocity of rotation of
the probability distribution depends on the distance from
the coordinates’ origin.
All the figures 1-4 have been obtained by three inde-
pendent numerical simulations: computing of the equa-
tions (7), (8) and (12). Equations (7) and (8) require
FIG. 2: The Wigner function for α = 5 and longer evolution
time: τ = 0.04 - the top figure and τ = 0.08 - the bottom
figure. The negativities appear and form a tail of interference
fringes.
computation of the sum of the power series. However,
the power series in Eq. (7) is much slower convergent
than the power series in Eq. (8) because it contains fast
oscillating exponential term e−|α|
2eiτ(k−q) . Therefore, we
cut off the infinite sums, both internal and external, by
including at least 500 terms in each of them. Also very
high precision (at least 25 significant digits) needs to be
applied for the computation. Taking less terms or worse
precision makes the integral of the Wigner function over
the phase space unequal to 1. For equation (8) the same
precision is used, however it is enough to take 100 terms
in both sums into account to obtain the same results.
Both methods allow to compute the Wigner function for
an arbitrary evolution parameter τ and point γ in the
phase space. Evaluation of the function for a chosen τ
does not require simulation of the whole evolution.
Numerical simulation of the Fokker-Planck equation
(12) requires setting a grid (discretized phase space) and
solving a set of partial differential equations for each
point of the grid. The solution gives the values of the
Wigner function for all γ at a one evolution step. There-
4FIG. 3: The Wigner function for α = 5 and τ = 0.3 - the top
figure, τ = 1, τ = 0.47pi, τ = 0.48pi - the bottom figure.
fore, the evaluation of W (τ, γ, γ∗) requires computation
of the values of the function for all earlier steps of evolu-
tion beginning with τ = 0. The stability of this method
relies on well-chosen ratio of a time step and grid density.
The grid is set in such a way that point γ = 0 is excluded.
To estimate what ranges of parameter τ are available






FIG. 4: The Wigner function for α = 5 and τ = 0.5pi - the
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- the bottom figure. The
interference fringes appear in between.
where ω is the frequency of the injected light beam, n(ω)
is the linear refractive index, V is the volume of quanti-
zation.
For a typical silica fiber χ(3) ≃ 10−22 m2V2 , n0(ω) =
1.46. For the quantization volume we take V = L ·A m3,
where A ≃ 8 µm2 is a typical effective core area for a
single mode fiber and L is the length of coherence. For
pulsed light L is just the length of a pulse.
For a radio frequency ω = 1013 Hz pulsed coherent
light of amplitude |α|2 = 108 and pulse duration of tp =
100 fs (L = 0.02 mm) the value of τ = 10−2 would be
achieved for a fiber of length l = 155 · 103 km (a fiber
folded 10 times between Australia and Europe). If we
had a fiber of χ(3) = 1.5 · 10−17 m2V2 we would obtain
it for a l = 1 km fiber (t = 0.5 · 10−5 s). The same
value of τ for this fiber would be obtained for χ(3) = 1.5 ·
10−14 m
2
V2 for longer pulses corresponding to L = 10mm.
Microstructured fibers seem to be more promising with
5χ(3) ≃ 10−16 m2V2 . However their length does not exceed
1m with current technology.
III. ION TRAP
A system consisting of a trapped ion with vibration
motion initially prepared in a Kerr state seem to be more
feasible for a measurement of the Wigner function. A
method of preparing an ion in a Paul trap [20] in an
arbitrary state of the following form has been proposed
in [21, 22]









are ion motional states, |n〉 is a Fock state of a harmonic
oscillator potential in the trap, M < ∞. |g〉 and |e〉 are
the ion electronic ground and excited states. The method
is based on applying a series of laser pulses tuned to the
carrier frequency and the red sideband of the ion trap
alternately. Adjusting the Rabi frequencies and duration
of time of each pulse properly, we could achieve wen =











Those coefficients would correspond to the coefficients of
the Kerr state decomposition in Fock basis (3) up to the
normalization factor. This results from the fact that we
cut off the infinite sum in (3) and take into account only
the first M terms in it.
This method would allow to produce an approximated
Kerr state |Ψ(M)K (τ)〉 at an arbitrary long time of evolu-
tion τ , even for those values which were not accessible
for photons. In this case we would have |Ψe〉 = |Ψg〉.
Choosing the value of M we could approximate the Kerr
state (3) with an arbitrarily good accuracy. In this case













× (δ|e〉+ β|g〉) . (16)
The number of required pulses for preparing the ion in
an approximated Kerr state is equal to 2M + 1 and the
parameters δ and β, though arbitrary, have to be known
to arrange them. Choosing them equal to δ = 0 and
β = 1 will decrease the number of pulses: 2M . The value
ofM is strongly α dependent. The dependence of number
of significant wn for α = 10 and α = 1 on n is depicted on
Fig. 5. Although the number of significant wn for α = 10
is M = 160, which corresponds to 320 laser pulses, for
α = 1 the number is M = 10, which means 20 pulses.
The latter result seems to be experimentally realizable.
Additionally we compare the Wigner function achieved
in numerical simulation for the Kerr state M = ∞ (3)
and for the approximated Kerr state with M = 5 and
M = 4 (16) for α = 1 on Fig. 6. M = 5 seem to be
a good approximation as well and it corresponds to 10
laser pulses. M = 4 simplifies the state too much and
the Wigner function differs from the Wigner function of
original Kerr state significantly. The sample evolution of
the Wigner function for the approximated Kerr state for
M = 5 is depicted on Fig. 7.














FIG. 5: Kerr state coefficients in Fock basis decomposition as
a function of n for α = 1 - the upper plot and α = 10 - the
lower plot.
In that case we would have
|Ψ(5)K (τ)〉 = R5 · ... · C1R1C0|0, g〉, (17)
where we use Cj and Rj for an evolution due to the laser
at the carrier frequency and red sideband, respectively.
For example, in order to generate |Ψ(5)K (pi)〉 with δ = 0,
we assume the carrier resonance Rabi frequency equal to
ΩC = 1MHz and the red sideband Rabi frequency equal
to ΩR = 100kHz. For those frequencies the duration
times of pulses are as follows
tC0 = 1.92µs, t
R
1 = 0.69ms, (18)
tC1 = 1.68µs, t
R
2 = 0.50ms, (19)
tC2 = 7.35µs, t
R
3 = 0.83ms, (20)
6FIG. 6: The Wigner function for α = 1 and τ = 1. The top
figure for M = 4, the middle figure for M = 5, the bottom
figure for M =∞.
FIG. 7: The Wigner function for the approximated Kerr state
for α = 1 and M = 5. The top figure: τ = 2. The middle
figure: τ = pi. The bottom figure: τ = 2pi.
7tC3 = 2.44µs, t
R
4 = 0.36ms, (21)
tC4 = 2.72µs, t
R
5 = 0.70ms, (22)
where we assumed the Lamb-Dicke parameter η = 0.02.
Depending on what is more convenient we could keep the
duration time of pulses constant and change the Rabi
frequencies from pulse to pulse.
Having the ion already prepared we could measure the
Wigner function of the vibronic state using either the
standard method of quantum tomography [23, 24] or the
method of direct measurement of Wigner function de-
veloped in [25]. The third method especially drew our
attention. It relies on the fact that the Wigner func-
tion of a displaced vibronic state of an ion is related to
the probability of finding the ion in the ground and the
excited state in the following way




where Φ = 12Ω0t − π4 , t is a duration time of a pulse
allowing for the Rabi oscillations between two electronic
levels, Ω0 is a Rabi frequency (assuming that the ion is
in a Lamb-Dicke regime). The probabilities P|e〉 and P|g〉
are measured by detecting a fluorescence signal resulting
from an additional coupling of the ground state |g〉 to
some other level of the ion. The presence of the signal
implies that the ion is in the ground state, while the
absence that the ion is in the excited state.
IV. CONCLUSION
We have presented the Wigner function for the Kerr
state. This state seems to be a very good approximation
of a one-mode Gaussian squeezed state for photons due to
very small value of nonlinearity in a optical fiber. How-
ever we still can reach the non-gaussian regime for this
state using another system: trapped ion. For an ion we
can produce an arbitrary good approximation of the Kerr
state. This method can be applied for any other one-
mode state. It requires solving a set of nonlinear equa-
tions which give the duration times of the laser pulses for
a given Rabi frequency.
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